Abstract. Over thirty years ago, Kirk raised the question of whether a nonexpansive mapping, defined on a convex domain with nonempty interior, has a fixed point under the Leray-Schauder condition, provided that its domain enjoys the Fixed Point Property with respect to nonexpansive self-mappings. In the present work we have found the answer to this question to be positive, even for a larger class of mappings. The result, indeed, represents a quite significant extension of a large number of theorems obtained in the last forty years. This also includes new theorems for nonexpansive mappings.
I. Introduction
Let X be a (real) Banach space. An operator T : D(T ) ⊂ X → X is said to be k-pseudo-contractive (k ∈ R) if for each x, y ∈ D(A) there exists j ∈ J(x − y) such that (1) T (x) − T (y), j ≤ k x − y 2 where J : X → 2 X * is the normalized duality mapping which is defined by J(u) = {j ∈ X * : u, j = u 2 , j = u }.
Here ., . denotes the generalized duality pairing. For 0 < k < 1 in the inequality (1), we say that T is strongly pseudo-contractive, while for k = 1, T is simply called pseudo-contractive. It is worth mentioning that this latter class of operators was first introduced by Browder [3] . It is an immediate consequence of the HahnBanach Theorem that J(u) is nonempty for each u in X. It is also known that J(u) is single-valued if and only if X is smooth.
In addition to generalizing the nonexpansive mappings (mappings T : D → X for which T x − T y ≤ x − y for all x and y in D), the pseudo-contractive ones are characterized by the fact that T is pseudo-contractive if and only if I − T is accretive (see [2, 8] ).
The Leray-Schauder condition has been extensively used to obtain fixed points of various types of operators for over seventy years. In fact, the Leray-Schauder Principle [13] was originally established for compact mappings defined on a Banach space under the assumption that the set of eigenvectors with eigenvalues greater than one is a bounded set, in order to assure the existence of a fixed point. Today, this condition may be formulated as follows: there exists z ∈ int(D(T )) such that
Since the time of Schauder, many authors have made interesting contributions using this condition. Among them, we mention Browder [2] , Petryshyn [21] , Nussbaum [19] , Webb [26] , Reinermann and Schöneberg [23] , Reich [22] , Schöneberg [25] , Gatica and Kirk [7] , Kirk [10] , Morales [15] . In addition, some compilations may be found in Zeidler [27] and O'Regan and Precup [20] .
The main purpose of this paper is to resolve an old question concerning the existence of fixed points for nonexpansive mappings under the Leray-Schauder condition, which was formulated by Kirk (see [10] ) over thirty years ago. It is known that the Leray-Schauder condition is weaker than most of the boundary conditions that have been used to derive fixed point theorems. A positive answer to this question has an impact on extending a number of results, as shall be seen throughout the paper. As a matter of fact, we have addressed the question for a much larger family of operators, beyond the nonexpansive ones, where no convexity assumption on the domain of the operator is prescribed.
We say that a mapping T : D → X is generalized pseudo-contractive if for each x ∈ D there exists a number α(x) < 1 such that
for all y ∈ D and for some j ∈ J(x − y). Naturally, generalized contractions
It will be derived that if T is a continuous pseudo-contractive mapping which enjoys the Leray-Schauder condition, then D ⊂ f r (D) for a suitable r > 0, where f r = (1 + r)I − rT . This fact, very important in the theory, was earlier obtained by Martin [14] under the weakly inward condition.
Throughout the paper we assume that X is a real Banach space. We shall denote the closure, the interior and the boundary of D by D, int(D) and ∂D respectively. We shall also use B(x; r) and B(x; r) to stand for the open ball centered at x with radius r and the corresponding closed ball with the same center and radius.
II. Main result
We observe that the problem described in the introduction was already known for Hilbert spaces by the year 1965 (see [2] ). However, Theorem 2 below would contribute significantly in obtaining numerous generalizations, proven under stronger conditions. Among them, we can see the following:
Theorem B (Browder [4] , 1968). Let X be a uniformly convex Banach space and G a closed bounded and convex subset of X with 0 in the interior of G. Suppose T : G → X is a nonexpansive mapping such that
Then T has a fixed point in G.
Later, in 1977, Kirk and Schöneberg extended the result to pseudo-contractive mappings by assuming that the operator is continuous and pseudo-contractive in a domain larger than where the Leray-Schauder condition holds. 
Theorem KS (Kirk-Schöneberg [12]). Let X be a uniformly convex Banach space, D a bounded closed convex subset of X with int(D) = φ, and G an open set containing
D such that dist(D, X − G) > 0. Suppose T : G → X isT (x) − z = λ(x − z) for x ∈ ∂D and λ > 1.
Then T has a fixed point in D.
In the following year, Schöneberg [24] extended Browder's original result for nonexpansive mappings to demicontinuous pseudo-contractive ones, where no convexity in the domain is required. However, the result was still done for Hilbert spaces. By 1979, this author had extended Schöneberg's work to l p spaces as can be seen below:
Theorem M (Morales [15] ). Let X be a reflexive Banach space which admits a weakly sequentially continuous duality mapping. Let D be a closed bounded subset of X, and let T :D → X be a continuous pseudo-contractive mapping which satisfies, for some z ∈ int(D),
We now state and prove a new result for pseudo-contractive mappings under a slightly stronger condition than the classical Leray-Schauder condition. We first state a result used in the proof of Theorem 1 below.
Theorem C (Morales [16] 
for x ∈ ∂D and λ ≥ 1.
Theorem 1. Let D be a bounded open subset of a Banach space X, and let T be a continuous mapping fromD into X which is locally pseudo-contractive on D.
Suppose there exists z ∈ D satisfying
Then there exists a nonexpansive self-mapping g of a closed ball in D, which has the same fixed points as T in D.
Proof. For each t ∈ (0, 1), the mapping tT + (1 − t)z is locally strongly pseudocontractive on D and continuous onD. Since this mapping also satisfies the LeraySchauder condition, then by Theorem C, it has a fixed point in D. This means that tT (x t ) + (1 − t)z = x t for some x t ∈ D. Since D is bounded, we deduce that
Therefore, we may select two vectors v, w ∈ D such that w − T w < v − T v ; otherwise x − T (x) = 0 for all x ∈ D, implying that T = I. Hence, we choose g = I, which is nonexpansive. In addition, since the mapping x → x − T (x) is continuous, we may select the above vector w so that w − T (w) > 0. Define the set
Since D o is bounded, we select δ > 0 and s ∈ (0, 1) such that D o ⊂ B(w; δ) and (2) s
for all y ∈ B(w; δ) and for all x ∈ ∂D o . For each y ∈ B(w; δ), define S :
. Then S is locally strongly pseudo-contractive and satisfies
for all x ∈ ∂D o . Therefore, by Theorem C, S has a fixed point 
Theorem 2. Let D be a bounded open subset of a Banach space X, for which the closed unit ball has the Fixed Point Property (F.P.P.) for nonexpansive selfmappings. Let T be a continuous mapping from D into X which is locally pseudocontractive on D. Suppose there exists z ∈ D satisfying
T (x) − z = λ(x − z) for x ∈ ∂D and λ > 1.
Then T has a fixed point in D.
Proof. Suppose, without loss of generality, that T has no fixed points on ∂D. Then by Theorem 2, there exists a nonexpansive self-mapping g defined in a closed ball in D. Hence by the F.P.P. g has a fixed point, and so does T .
As a consequence of Theorem 2, we are able to answer Kirk's question (see [11] ), even under a slightly more general formulation where no convexity of the domain of T is required.
Corollary 1. Let D be a bounded open subset of a uniformly convex Banach space X. Let T be a continuous mapping from D into X which is locally pseudocontractive on D. Suppose there exists z ∈ D satisfying
Then T has a fixed point in D.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Now we are ready to extend Theorem B of Browder [4] , by removing the convexity assumption on G, which, in fact, is also a new result. 
Then T has a fixed point in G.
Based upon the classical result of Kirk [9] , we may derive a more general corollary which, in particular, extends Corollary 3.2 of Gatica and Kirk [7] . 
Then T has a fixed point in D.
Next, we obtain a type of Borsuk Theorem with antipodal points on ∂D for pseudo-contractive mappings, which is a slight generalization of Theorem 1 of [17] .
Corollary 4. Let X be a Banach space for which the closed unit ball has the F.P.P. for nonexpansive self-mappings, and let D be a symmetric and bounded neighborhood of the origin in X. Suppose T : D → X is a continuous mapping on D and locally pseudo-contractive on D such that
T (−x) = −T (x) for x ∈ ∂D.
Then T has a fixed point in D.
Proof. Let x ∈ ∂D such that T (x) = λx for some λ > 1. Due to the symmetry of D, the segment seg[−x, x] ⊂ D, and hence T is globally pseudo-contractive on seg [−x, x] . Then for some j ∈ J(x − (−x)),
which implies that λx, j ≤ 2 x 2 . Thus λ ≤ 1. Consequently, the Leray-Schauder condition holds, and Theorem 2 completes the proof. Now we prove a new result for the so-called generalized pseudo-contractive mappings under the Leray-Schauder condition. T (x) − z = λ(x − z) for x ∈ ∂D and λ > 1.
Proof. We first notice that the set
is bounded. To see this, let x ∈ E and j ∈ J(x − z). Then
. Therefore, E is bounded, and hence we may assume without loss of generality that D is bounded. Since T is a generalized pseudo-contractive mapping, in particular it is pseudo-contractive on D. This means that the conclusion and the proof of Theorem 1 hold. In addition, for r > 0, the mapping f r = (1 + r)I − rT satisfies maps B into itself. Moreover, g r is a generalized contraction mapping in the sense of Belluce-Kirk [1] . In fact, for each u ∈ B there exists a unique x ∈ D o such that x = g r (u) and
On the other hand, B is a closed convex and weakly compact subset of X where g r has diminishing orbital diameters. Hence, by Corollary 2 of [1] , g r has a fixed point in D o , and consequently so does T .
It turns out that there is an oversight in the proof of Theorem 4 of [17] . In fact, it is not clear whether the set K is indeed a subset of D. However, as a consequence of Theorem 3, we correct the oversight and actually obtain a slight extension of that theorem. T (x) − z = λ(x − z) for x ∈ ∂D and λ > 1.
Following [6] , we obtain a new result for the so-called strongly pseudo-contractive mappings relative to a set. 
for all y ∈ D. If, in addition, T satisfies the Leray-Schauder condition (4) , then T has a fixed point.
Proof. By replacing T (x) by T (x + z) − z, one may take z = 0 in (4). Let r > 0, and let f r = (1 + r)I − rT . Then, as a consequence of (5), we obtain that for each
Since T , in particular, is pseudo-contractive, Theorem 3 of [5] implies that G = f r (D) is open. Also, since f r is injective and f r (D) is closed, f r (∂D) = ∂f r (D). Consequently, g r = f −1 r , which maps G onto D, is a generalized contraction mapping. In fact, for each u ∈ G there exists a unique x ∈ D such that x = g r (u) and g r (u) − g r (v) ≤ α r (u) u − v for all v ∈ G with α r (u) = α r (g r (u)). In addition, g satisfies the Leray-Schauder condition on ∂G. To see this, we first prove that 0 ∈ G. This means we need to show that there exists x ∈ D so that f r (x) = 0. However, T is pseudo-contractive on D and hence the operator r 1+r T is continuous and strongly pseudo-contractive, satisfying the Leray-Schauder condition. Therefore, by Theorem C (see also Theorem 1 of [15] ), r 1+r T has a unique fixed point, which is obviously in D. Hence, 0 ∈ G. Now we prove that g satisfies the Leray-Schauder condition on ∂G. To this end, let y ∈ ∂G such that g r (y) = µy. Then there exists x ∈ ∂D so that y = f r (x). Hence x = µ((1 + r)x − rT (x)), which implies that T (x) = [1 + r −1 (1 − µ −1 )]x. Therefore, µ ≤ 1. Now, by Corollary 5, g r has a fixed point, which is also a fixed point of T .
Remark 2. Theorem 4 represents a significant extension of Theorem 3 of [6] . In fact, the assumption on T of being Lipschitz has been replaced by simply continuity. Also, neither convexity nor boundedness is required on the domain of the operator T .
